Abstract. We study ground, symmetric and central vortex states, as well as their energy and chemical potential diagrams, in rotating Bose-Einstein condensates (BEC) analytically and numerically. We start from the three-dimensional (3D) Gross-Pitaevskii equation (GPE) with an angular momentum rotation term, scale it to obtain a four-parameter model, reduce it to a 2D GPE in the limiting regime of strong anisotropic confinement and present its semiclassical scaling and geometrical optics. We discuss the existence/nonexistence problem for ground states (depending on the angular velocity) and find that symmetric and central vortex states are independent of the angular rotational momentum. We perform numerical experiments computing these states using a continuous normalized gradient flow (CNGF) method with a backward Euler finite difference (BEFD) discretization. Ground, symmetric and central vortex states, as well as their energy configurations, are reported in 2D and 3D for a rotating BEC. Through our numerical study, we find various configurations with several vortices in both 2D and 3D structures, energy asymptotics in some limiting regimes and ratios between energies of different states in a strong replusive interaction regime. Finally we report the critical angular velocity at which the ground state loses symmetry, numerical verification of dimension reduction from 3D to 2D, errors for the Thomas-Fermi approximation, and spourous numerical ground states when the rotation speed is larger than the minimal trapping frequency in the xy plane.
Introduction
Since its realization in dilute bosonic atomic gases [4, 10] , Bose-Einstein condensation (BEC) of alkali atoms and hydrogen has been produced and studied extensively in the laboratory [34, 38] , and has permitted an intriguing glimpse into the macroscopic quantum world. In view of potential applications [22] , the study of quantized vortices, which are related to superfluid properties, is one of the key issues. In fact, bulk superfluids are distinguished from normal fluids by their ability to support dissipationless flow. Such persistent currents are intimately related to the existence of quantized vortices, which are localized phase singularities with integer topological charge [22] . The superfluid vortex is an example of a topological defect that is well known in superconductors [30] and in liquid helium [18] . The occurrence of quantized vortices in superfluids has been the focus of fundamental theoretical and experimental work [18] . Different groups have obtained quantized vortices in a BEC experimentally, e.g. the JILA group [34] , the ENS group [33, 39] and the MIT group [38] . Currently, there are at least two typical ways to generate quantized vortices from the BEC ground state: (i) impose a laser beam rotating with an angular velocity on the magnetic trap holding the atoms to create a harmonic anisotropic potential [42] , (ii) add to the stationary magnetic trap a narrow, moving Gaussian potential, representing a far-blue-detuned laser [28] . In fact, recent experimental and theoretical advances in exploration of quantized vortices in a BEC have spurred great excitement in the atomic physics community and renewed interest in studying superfluidity.
The properties of a BEC in a rotational frame at temperatures T much smaller than the critical condensation temperature T c are usually well modelled by a nonlinear Schrödinger equation (NLSE) for the macroscopic wave function known as the Gross-Pitaevskii equation (GPE) [36] , which incorporates the trap potential, rotational frame, as well as the interactions among the atoms. The effect of the interactions is described by a mean field which leads to a nonlinear term in the GPE. The cases of repulsive and attractive interactions -which can both be realized in the experiment -correspond to defocusing and focusing nonlinearities in the GPE, respectively.
There has been a series of recent numerical studies for the stability and dynamics of quantized vortices in BEC. For a non-rotating BEC, Bao and Du [6] presented a CNGF with BEFD discretization to compute central vortex states, Caradoc-Davis et. al [12, 13] , Bao and Zhang [9] studied stability of central vortices and their interactions numerically, Lundh et. al [32] studied free expansion of vortex state. For a rotating BEC, in the line of adding a far-blue-detuned Gaussian laser stirrer, Caradoc-Davis et. al [12, 13] , Jackson et. al [27, 28] , and Bao et. al [7, 9] studied dynamics of vortices, generation of vortices from the ground state and critical angular speed; in the line of a BEC in a rotational frame, Aftalion and Du [1] , Aftalion and Riviere [2] studied numerically and asymptotically ground state, critical angular velocity and energy diagram in the Thomas-Fermi (TF) or semiclassical regime, Aftalion and Danaila [3] and Modugno et. al [35] reported bent vortices, e.g. S-shaped vortex and U-shaped vortex, numerically in cigar-shaped condensation and compared with experimental results [39] , Garcia-Ripoll and Perez-Garcia [24, 23, 26 ] studied stability of the central vortex, Tsubota et. al [45] reported vortex lattice formation. Moreover, Svidzinsky and Fetter [42] have studied dynamics of a vortex line depending on its curvature. For an analysis of the GP-functional in a rotational frame we refer to [40] . For a numerical and theoretical review of quantized vortices, we refer to [22] and the recent book [37] .
The aim of this paper is to analytically and numerically study ground, symmetric and central vortex states, as well as their energy diagrams in a BEC under a rotational frame representing a laser beam rotating with a given angular velocity on the magnetic trap. We extend the efficient and stable numerical method of CNGF with BEFD discretization, proposed in [6] for computing ground state of a non-rotating BEC, to a rotating BEC, and then apply it to study the ground state, symmetric state, central vortex states, central vortex ground state, as well as their energy diagrams, in a rotating BEC numerically. Vortices and energy bifurcation are observed in the ground state when the angular rotation speed is bigger than a critical frequency. These results agree very well with those, obtained by theoretical and other numerical methods, in the physical literatures [1, 25, 32, 40, 41] . Furthermore, we also present some new analytical and numerical results for the ground, symmetric and central vortex states, as well as their energy diagrams in a rotating BEC. These results are to: (i) provide asymptotics of the energy and chemical potential of the ground state in the semiclassical regime; (ii) show that the ground state is a global minimizer of the energy functional over the unit sphere and all excited states are saddle points in the linear case; (iii) provide semiclassical scaling and geometrical optics for a rotating BEC; (iv) find numerically the ratio between energies of different stationary states goes to constant in the semiclassical regime; (v) find the asymptotics of the energy of the ground state when the angular momentum velocity is near the minimal trapping frequency in xy plane; (vi) perform a numerical verification for dimension reduction from 3D to 2D and find the convergence rate; (vii) define the central vortex ground state and find the critical rotation speed for it numerically; (viii) study the TF approximation numerically; (ix) test different choices of initial data for the numerical method in an isotropic trap and find there is only one choice which always guarantees convergence to the ground state where it exists.
The paper is organized as follows. In section 2, we take the 3D GPE with an angular momentum term, scale it to get a four parameter model, reduce it to a 2D problem in a limiting regime, and present its semiclassical scaling and geometrical optics. In section 3, we study the energy functional and (for the sake of completeness and readability) present a simple proof of existence of the ground state when the angular speed is less than the minimal trapping frequency in the xy plane, and resp., nonexistence of the ground state when the angular speed is bigger than the maximal trapping frequency in the xy plane. In section 4, we present symmetric, central vortex and central vortex ground states. In section 5, we extend the CNGF and its BEFD discretization, proposed for non-rotating BEC in [6] , to rotating BEC for computing ground and vortex states. In section 6, we report numerical results in 2D and 3D, and finally in section 7 we draw some conclusions.
GPE in a rotational frame
At temperatures T much smaller than the critical temperature T c [30] , a BEC in a rotational frame is well described by the macroscopic wave function ψ(x,t), whose evolution is governed by a self-consistent, mean field nonlinear Schrödinger equation known as the Gross-Pitaevskii equation (GPE) with an angular momentum rotational term [1, 11, 20, 24] , (w.l.o.g.) assuming the rotation being around the z-axis:
where x = (x,y,z) T ∈ R 3 is the spatial coordinate vector, m is the atomic mass, is the Planck constant, N is the number of atoms in the condensate, Ω is an angular velocity, V (x) is an external trapping potential. When a harmonic trap potential is considered,
with ω x , ω y and ω z being the trap frequencies in x-, y-and z-direction respectively. For the following we assume (w.
2 as m describes the interaction between atoms in the condensate with the swave scattering length a s (positive for repulsive interaction and negative for attractive interaction) and
is the z-component of the angular momentum L = x × P with the momentum operator
T . The energy functional per particle E(ψ) is defined as
Here we use f * to denote the conjugate of a function f . It is convenient to normalize the wave function by requiring
2.1. Dimensionless GPE in a rotational frame. By introducing the dimensionless variables:
where 
In a disk-shaped condensation with parameters ω x ≈ ω y and ω z ω x (⇐⇒ γ x = 1, γ y ≈ 1 and γ z 1 with choosing ω m = ω x ), the 3D GPE (2.5) can be reduced to a 2D GPE with x = (x,y) T [7, 5, 8] :
where , 7, 8] . Thus here we consider the dimensionless GPE in a rotational frame in d-dimensions (d = 2,3): 8) where β 3 = β and V 3 (x,y,z) = V (x,y,z). Two important invariants of (2.8) are the normalization of the wave function
and the energy
2.2. Stationary states. To find a stationary solution of (2.8), we write 12) under the normalization condition
This is a nonlinear eigenvalue problem with a constraint and any eigenvalue µ can be computed from its corresponding eigenfunction φ by
In fact, the eigenfunctions of (2.12) under the constraint (2.13) are the critical points of the energy functional E β,Ω (φ) over the unit sphere
Furthermore (2.12) is the Euler-Lagrange equation of the energy functional (2.10) with ψ = φ under the constraint (2.13).
Semiclassical scaling and geometrical optics.
When β d 1, i.e. in a strongly repulsive interacting condensation or in a semiclassical regime, another scaling (under the normalization (2.9) with ψ = ψ ε ) for the GPE (2.8) is also very useful in practice by choosing 15) where the energy functional E ε,Ω (ψ ε ) is defined as
assuming that ψ ε is ε-oscillatory and 'sufficiently' integrable such that all terms have O(1)-integral. Similarly, the nonlinear eigenvalue problem (2.12) (under the normalization (2.13) with φ = φ ε ) reads 16) where any eigenvalue µ ε can be computed from its corresponding eigenfunction φ ε by
Furthermore it is easy to get the leading asymptotics of the energy functional E β,Ω (ψ) in (2.10) and the chemical potential µ β,Ω (φ) in (2.14) when β d 1 from this scaling:
These asymptotics results will be confirmed by our numerical results in Section 6.
When 0 < ε 1, i.e. β d 1, we set 
20)
Ground state
The ground state wave function φ g (x) := φ g β,Ω (x) of a rotating BEC is found by minimizing the energy functional E β,Ω (φ) over the unit sphere S:
Any eigenfunction φ(x) of (2.12) under the constraint (2.13) whose energy
) is usually called as an excited state in the physical literature [37] . Existence/nonexistence results of ground state, depending on the magnitude |Ω| of the angular velocity relative to the trapping frequencies are known and can be found [40] . For the sake of readability of this paper we include the sketch of the proof here.
3.1. Existence of the ground state when |Ω| < γ xy := min{γ x ,γ y }.
To study the existence of the ground state in a rotating BEC, we first present some properties of the energy functional Lemma 3.1. i) In 2D, we have
ii) In 3D, we have
(3.3) iii) In 2D and 3D, we have
Proof. i) From (2.10) with ψ = φ and d = 2, observing (2.2), with a change of variables, we have
Similarly, we obtain the second equality in (3.2).
ii) The proof is similar as in i) except d = 3, details are omitted. iii) From (2.2), the Hölder inequality, we have
Thus the inequality (3.4) is a combination of (3.6) and (2.10) with ψ = φ.
From this lemma, since γ y ≥ γ x = γ xy and γ z > 0, when β d ≥ 0 and |Ω| < γ xy , we know that the energy functional E β,Ω (φ) is positive, coercive and weakly lower semicontinuous on S. Thus the existence of a minimum follows from the standard theory [43] and we have For understanding the uniqueness question, note that E β,Ω (αφ
) for all α ∈ C with |α| = 1. Thus an additional constraint has to be introduced to show uniqueness. For a non-rotating BEC, i.e. Ω = 0, the unique positive minimizer is usually taken as the ground state. In fact, the ground state is unique up to a constant α with |α| = 1, i.e. density of the ground state is unique, when Ω = 0. For a rotating BEC under |Ω| < γ xy , in section 5, we present a CNGF and its BEFD discretization for computing a minimizer of the minimization problem (3.1) with appropriately chosen initial data. From our numerical results, the density of the ground state may no longer be unique when |Ω| > Ω c with Ω c a critical angular rotation speed.
Nonexistence of ground states when |Ω|
Denote γ r := γ xy and notice
r r 2 with r = x 2 + y 2 , we have
where (r,θ) and (r,θ,z) are polar (in 2D), and resp., cylindrical coordinates (in 3D). In 2D, let 
Thus φ m ∈ S and we compute
Thus when |Ω| > γ r , we have
(3.14)
This implies that there is no minimizer of the minimization problem (3.1) when |Ω| > γ xy in 2D. Similarly, in 3D, the argument proceeds with the central vortex line state with winding number m of the GPE (2.8) with d = 3, β d = 0 and Ω = 0 
Proof. Follows the line of the analogous result for a non-rotating BEC in [9] .
3.4. Approximate ground state. When β d = 0 and Ω = 0, the ground state solution is given explicitly [8] 
In fact, this solution can be viewed as an approximation of the ground state for a weakly interacting slowly rotating condensate, i.e. |β d | 1 and |Ω| ≈ 0. For a condensate with strong repulsive interaction, i.e.
, the ground state can be approximated by the TF approximation in this regime [1, 7, 8, 9] : [7, 9] . This shows that one can't use (2.10) to define the energy of the TF approximation (3.16). How to define the energy of the TF approximation is not clear in the literature. Using (2.14), (3.17) and (3.16), following [9] for a non-rotating BEC, here we use the way to define the energy of the TF approximation (3.16) [9] :
Our numerical results in Section 6 show that the TF approximation (3.16) is very accurate for the density of the ground state, except at the vortex vore, when β d 1 and |Ω| < γ xy , and (3.17) and (3.18) converge to the chemical potential and energy respectively only when |Ω| ≈ 0, but diverge when |Ω| is near γ xy .
Excited states
In this section, we present symmetric, central vortex states and their energies of rotating BEC in 2D with radial symmetry and 3D with cylindrical symmetry, i.e. γ x = γ y in (2.8). These states, as well as their stability and interaction, were widely studied in non-rotating BEC [7, 12, 13, 27, 28, 6, 9, 5] . They are also very interesting in rotating BEC [11, 20, 34, 38, 23, 26] . In fact, they will be used as initial data for studying quantized vortex stability [33, 24, 21] , dynamics [35, 44] and interaction in superfluidity [42] .
4.1. Central vortex ground state. One interesting excited state is a vortex state whose energy minimizes the energy functional among all φ ∈ S which is locally a central vortex near the origin in 2D and a central vortex line near the z-axis in 3D. To be specific, in 2D, let
is a vortex line of φ .
Clearly S v is a subset of the unit sphere S, i.e.
Similarly as the proof for ground state, we have the following theorem for central vortex ground state: 14) over the set 2 )/2 [6] .
When β d > 0, the CNGF and its BEFD discretization proposed in [6] for Ω = 0 can be applied directly to compute the central vortex states for Ω = 0. 
the energy of the ground state will be less than that of the symmetric state, i.e. symmetry breaking occurs in the ground state [40, 41] . Ω From the above discussions and our numerical computations presented later, we find
Normalized gradient flow and its discretization
Various algorithms, e.g. imaginary time method [15, 1, 2] , Sobolev gradient method [25, 24] , finite element approximation [8, 46] , iterative method [14] etc., for finding the minimizer of the minimization problem (3.1) have been studied in the literatures. Perhaps one of the more popular techniques for dealing with the normalization constraint (2.13) is through the splitting (or projection) scheme: (i). Apply the steepest decent method to an unconstrained minimization problem; (ii) project the solution back to the unit sphere S. This suggests to us to consider gradient flow with discrete normalization (GFDN):
where 0 = t 0 < t 1 < t 2 < ··· < t n < ··· with ∆t n = t n+1 − t n > 0 and k = max n≥0 ∆t n , and
φ(x,t).
In fact, the gradient flow (5.1) can be viewed as applying the steepest descent method to the energy functional E β,Ω (φ) without constraint and (5.2) then projects the solution back to the unit sphere in order to satisfy the constraint (2.13). From the numerical point of view, the gradient flow (5.1) can be solved via traditional techniques and the normalization of the gradient flow is simply achieved by a projection at the end of each time step. Letφ
For the gradient flow (5.1), it is easy to establish the following basic facts:
ii). For any β d ≥ 0, and all t , t with t n ≤ t < t < t n+1 :
Proof. Follows the line of the analogous result for a non-rotating BEC in [6] . From Lemma 5.1, we get immediately
.1)-(5.3) is energy diminishing for any time step k and initial data
In fact, the normalized step (5.2) is equivalent to solve the following ODE exactly
where
Thus the GFDN (5.1)-(5.3) can be viewed as a first-order splitting method for the gradient flow with discontinuous coefficients:
Letting k → 0 and noticing that φ(x,t n+1 ) on the right hand side of (5.9) is the solution of (5.1) at t n+1 = t + ∆t n , we obtain
This suggests to us to consider the following CNGF:
In fact, the right hand side of (5.14) is the same as (2.12) if we view µ φ (t) as a Lagrange multiplier for the constraint (2.13). Furthermore for the above CNGF, as observed in [6] for a non-rotating BEC, the solution of (5.14) also satisfies the following theorem:
Then the CNGF (5.14)-(5.15) is normalization conserving and energy diminishing, i.e.

φ(·,t)
which in turn implies
Proof. Follows the line of the analogous result for a non-rotating BEC in [6] .
From this theorem and the inequality (3.4), we may also get as t → ∞, when |Ω| < γ xy , φ approaches to a steady state solution which is a critical point of the energy functional E β,Ω (φ) [43, 6] . In a non-rotating BEC, i.e. Ω = 0, the unique real valued nonnegative ground state solution φ g (x) ≥ 0 for all x ∈ R d [31] is obtained by choosing a positive initial datum φ 0 (x) ≥ 0 for x ∈ R d , e.g. the ground state solution of linear Schrödinger equation with a harmonic oscillator potential [8, 6] . For a rotating BEC, e.g. |Ω| < γ xy , our numerical results in section 6 suggest that the initial data can be chosen as a linear combination of the ground state and central vortex ground state of (2.8) when β d = 0 and Ω = 0, which are given explicitly in sections 3 & 4.
With this kind of initial data, the ground state solution φ 
Furthermore, when γ y = γ x in (2.8), our numerical results also suggest that when the initial data is chosen as the central vortex ground state of (2.8) 
Rigourous mathematical justification for these observations is under further study. In order to derive a full discretization of the GFDN (5.1)-(5.3) (or CNGF (5.14)-(5.15)), we first truncate the physical domain of the problem to a rectangle in 2D or a box in 3D with homogenerous Dirichlet boundary conditions, and then apply backward Euler for time discretization and second-order centered finite difference for spatial derivatives. For more details, we refer to [6] for a similar problem.
Numerical results
In this section, we will show how to choose initial data for computing ground state of a rotating BEC, and present numerical results of ground, symmetric, central vortex and central vortex ground states, as well as their energy diagrams in 2D and 3D. Furthermore, we also study numerical dimension reduction from 3D to 2D, errors between ground state and its TF approximation and critical angular speed. Due to lemma 3.1, theorem 3.2, we only present results for 0 ≤ Ω < γ xy . In all computations, the bounded computational domain Ω x is chosen as a rectangle in 2D and a box in 3D, which is centered at the origin.
6.1. Initial data for computing ground state. For computing ground state of a rotating BEC, as discussed in section 5, the CNGF and its BEFD discretization guarantees energy diminishing. For |Ω| γ xy , i.e. a slowly rotating BEC, the initial data can be chosen as the ground state of (2.8) with β d = 0 and Ω = 0 (3.16), which is given explicitly by (3.16). When Ω increases, the ground state may break symmetry. From our primary numerical study, when Ω is near γ xy , the above choice no longer gives the ground state. Here we present a 2D example to evolve the CNGF (5.11) with its BEFD discretization for four different initial data. Example 1. For different choices of initial data for CNGF in 2D, i.e. we choose d = 2, γ x = γ y = 1 and β 2 = 100 in (5.11). We compute numerically the steady state solution of (5.11) under the BEFD discretization with a bounded computational domain Ω x = [−6,6] × [−6,6] and four different initial data:
The steady state solution is obtained numerically when max j,l |φ Table 6 .1 shows the energy of the steady state solutions with four different initial data for 0 ≤ Ω < γ xy = 1 and β 2 = 10, 100 and 400.
From Table 6 .1 and our additional numerical experiments, we have the following observations: (i) Type IV initial data gives the ground state for all |Ω| < γ xy = 1, (ii) Types II& III initial data only give the ground state when |Ω| is near 0, (iii) Type I initial data only gives the ground state when |Ω| is less than but very near γ xy = 1.
From this numerical study for computing ground state, when γ x = γ y = 1 and γ z = O(1), we suggest choosing the following initial data in (5.12) for the CNGF (5.11) with its BEFD discretization:
Under this choice of initial data, the continuation technique is no longer required for computing the ground state. Furthermore, from our numerical study, the initial data for computing the central vortex ground state can be chosen as
For how to choose initial data in 3D for a prolate trap in order to obtain a bending vortex, we refer to [3, 21, 32, 33, 35, 44] . Table 6 .2 and Figure 6 .4 show the energy configurations of these states for different β 2 and Ω. Furthermore, Figure 6 .5 shows ratios between the energy of these states, and Figure  6 .6 plots the energy of the ground state when β 2 1 and Ω ≈ γ xy = 1. Similar study for the ground state and its energy diagram has been done in the physical literatures [1] .
From Figs. 6.1-6 and Table 6 .2, we reach the following conjectures for a rotating BEC under an isotropic trap in 2D, i.e. Example 3. For ground state in 2D with nonsymmetric trap, i.e., we take d = 2, γ x = 1 and γ y = 1.5 in (2.8). Figure 6 .7 plots the surface of the ground state φ g (x,y) with β 2 = 100 for different Ω. We notice this case was also studied in [1] by using a different numerical method.
From Fig. 6 .7, the conjecture (a) for ground states in Example 2 is still valid for an anisotropic trap, i.e. 1 = γ x = γ y > 1, in 2D. Figure 6 .10 shows the energy configurations of these states for different β and Ω in 3D. For obtaining a bending vortex, e.g. S-shaped vortex and U-shaped vortex, in 3D with a prolate trap, we refer to [3, 21, 32, 33, 35, 44] and
All these results agree very well with the numerical results [23, 26] and analytical estimate [40, 41] in the literature. Similar observations are still valid in 3D.
6.5. Numerical verification of dimension reduction. As we know, when γ x = O(1), γ y = O(1) and γ z 1, the 3D GPE can be asymptotically reduced to a 2D GPE. Here we present a numerical verification of this procedure. In order to do so, we compute the ground state φ 3D g (x,y,z) of the 3D GPE, i.e. we take d = 3, γ x = γ y = 1 and β = 100 in (2.8), numerically for different γ z . Then we compute
We also find the ground state φ 2D g (x,y) of the 2D GPE, i.e. we take d = 2, γ x = γ y = 1 and β 2 = 100 γ z /2π in (2.8), numerically for different γ z . Table 6 .4 lists the errors of
From Table 6 .4, the dimension reduction of GPE from 3D to 2D when γ z 1 is verified numerically. When Ω ≈ γxy = 1.
Errors of the TF approximation.
As we know, when (1) and |Ω| ≈ 0, the ground state is very well approximated by the TF approximation [1, 2, 8, 9] . Here we study numerically how effective the TF approximation is, when |Ω| is large, especially when |Ω| is near γ xy . In order to do so, we compare the ground state and its TF approximation in 2D, i.e. we take d = 2 and γ x = γ y = 1 in (2.8). Table 6 .5, we can see that the density of the ground state converges to the TF approximation for any |Ω| < γ xy = 1 when β 2 → ∞. However, when β 2 increases, the energy and chemical potential of the ground state converge to those of the TF approximation only when |Ω| ≈ 0, but diverge when |Ω| is near γ xy = 1. This is due to the fact that more and more vortices appear in the ground state when |Ω| is near 1 and β 2 1. A similar conclusion is also valid in 3D based on our additional numerical experiments.
6.7. Spurious numerical ground states when |Ω| > γ xy .
As discussed in section 3, for a rotating BEC, there exists a ground state when |Ω| < γ xy and no ground state when |Ω| > γ xy . But when we evolve the discretization of (5.1)-(5.3) with the initial data (6.1) numerically, for any given β 2 ≥ 0 and Ω ∈ R, we always obtain a steady state φ h β,Ω for a fixed mesh size h 1. In fact, this steady state is the minimizer of the following finite-dimensional minimization problem: 
Conclusion
Based on our asymptotic and extensive numerical studies, we can draw the following conjectures for a rotating BEC:
(i) The nonlinear eigenvalue problem (2.12) admits infinitely many eigenfunctions which are linearly independent. When β d ≥ 0 and |Ω| < γ xy , if the eigenfunctions of (2.12) are ranked according to their energies, φ g , φ 1 , ..., then the corresponding eigenvalues (or chemical potentials ) are in the same order, i.e. 
